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ELLIPTIC EQUATIONS WITH BMO COEFFICIENTS
IN LIPSCHITZ DOMAINS

SUN-SIG BYUN

ABSTRACT. In this paper, we study inhomogeneous Dirichlet problems for el-
liptic equations in divergence form. Optimal regularity requirements on the
coefficients and domains for the WP (1 < p < co) estimates are obtained.
The principal coefficients are supposed to be in the John-Nirenberg space with
small BMO semi-norms. The domain is supposed to have Lipschitz bound-
ary with small Lipschitz constant. These conditions for the WP theory do
not just weaken the requirements on the coefficients; they also lead to a more
general geometric condition on the domain.

1. INTRODUCTION

There has been much research activity (see, e.g., [11 [2l, 5 6] 10l [12] 13} [14] [16]
1711231 [24] [25], 26| 28] 29} (30, [31), 33]) concerning the classical Calderén-Zygmmund
estimates established in [I1]. In this paper, we will employ the method used in
[33] to investigate the minimal requirements on the coefficients and the smoothness
requirement on the domains for the following Dirichlet problem:

(1.1) —(@ijus, )z, = —div(AVu) = divf = (f"),, in €,
' u = 0 on 01,

where (2 is an open, bounded subset of R™.

The general setting for this work will be the following: (i) approximation of (II)
by small L?-perturbation of constant coefficient equations, (i) decay estimates on
the size of distribution functions of the maximal function M(|Vu|?), and (iii) the
Vitali covering lemma.

Throughout this paper we assume that the matrix A = {a;;} of the coefficients is
defined on R™, as follows from [1}, 20]. The main assumption on A is that it is in the
John-Nirenberg space (cf. [19]) of the functions of bounded mean oscillation with
small BMO semi-norms. For this assumption, we need the following definition.

Definition 1.1 (Small BMO semi-norm assumption). We say that the matrix A
of coefficients is (9, R)-vanishing if
1

(1.2) sup  sup —— |A(y) — ZB,,,(I)de < 62
0<r<R xz€R" BT| B, (x)
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We would like to point out that our assumption that A is (4, R)-vanishing refines
the assumption in other papers (see e.g. [2,[8, 6, 13} 14} 16} (17, 21], 23], [26,[29, B0} B1])
that A is in VMO (cf. [27]). Recall that the class VMO consists of functions with
bounded mean oscillation whose integral oscillation over balls shrinking to a point
converges uniformly to zero.

Our main assumption on the domain is that it is locally the graph of a Lipschitz
continuous function with small Lipschitz constant. More precisely, we have the
following definition.

Definition 1.2 (Lipschitz domain assumption). We say that a domain € is (0, R)-
Lipschitz if for every zg € 992 and every r € (0, R], there exists a Lipschitz contin-
uous function 7 : R*~! — R such that

QN By (z0) ={z = (21, .., xpn_1,2) = (&', 2,) € Br(20) : xp > y(2')}

and
(@) =W

sup —
oy €lrao) ety 18 Y|

in some coordinate system.

First we remark that v in the definition above is Lipschitz continuous with small
Lipschitz constant if and only if it is in W1°° with small | V7| = (see Theorem 4
of chapter 5 in [I5]). For further discussions regarding work on Lipschitz domains
we cite, for example, [3 [4, [I8]. We would like to point out that our assumption
that Q is (6, R)-Lipschitz weakens the assumption in the paper [16] that 0 is in
C11 and the assumption in [2] that 99 is in C'. We remark that one might assume
that R in both Definition [[.I]and Definition is 1 by scaling the given equations,
while § is scaling-invariant. Throughout this paper we mean § to be a small positive
constant.

In this work we are interested in finding an a priori inequality like

(1.3) IVullzr) < Clifllr) (1 <p<o0)

for some constant C' independent of w and f under the assumptions that A is (6, R)-
vanishing and €2 is (d, R)-Lipschitz for § > 0 small.

In [I], Calderén and Zygmund proved that ([.3) holds true when A = I, and
their results were extended by Morrey in [25], Simader in [28], and Campanato in
[12] to the the case of uniformly continuous coefficients. In the case of discontinuous
coefficients, N.G. Meyers in [24] provided an example in which an estimate like (L3)
in general does not hold, in particular if one considers the equation

(1.4) —div(AVu) =0,
where s
B 1 4o 4y dxy
A(z,y) = 122 1 2) dzy 22442 |
It is easy to see that u(z,y) = Er,T s a solution of equation @) and Vu €

L?(By) for p < 4, but Vu ¢ LP(By) for p > 4. In [16], Di Fazio considered the
Dirichlet problem of (ILTl) when A € VMO (thus possibly discontinuous) and 9 €
CY1. He proved the well-posedness of the problem in Wol’p(ﬂ), and showed that
the estimate (L3 is valid for 1 < p < oo. His technique is based on representation
formulas in terms of singular integral operators and commutators (see, e.g., [13}[14]).
In [2], P. Auscher and M. Qafsaoui weaken the assumptions in [16], allowing real
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and complex nonsymmetric operators and C! boundary. They also considered the
corresponding inhomogeneous Neumann problem. Their main tool is an appropriate
representation for the Green function on the upper half space. In [10], Caffarelli
and Peral used a method of application (see section 1 of [10]) to give an alternative
proof of WP regularity in the case of a linear elliptic equation, which uses the
general theory of singular integrals (see [1} 2| [5] (6], [11], 12} T3] 14} 16 17, 21], 22] 23]
24) 25 28] 29, [30, [31]). More precisely, they deduced the following:

Theorem 1.3 ([10]). Let p be a real number with p > 2. Assume there exists a
small 6 = 6(p) > 0 such that

”A - In”oo <é.
Then all solutions u in H* of —div(AVu) = 0 in some bounded domain 2 of R™
satisfy u € WP,

Here we use the classical weak solution; namely, we have the following definition.

Definition 1.4. Let 1 < p, g < oo, % + % = 1. Then a weak solution of (L)) is a
function u € W, ?(Q) such that

/ AVuVpdr = —/ fVdr, Vo € WOLQ(Q)-
Q Q

Let us state the main result of this paper.

Theorem 1.5. Let p be a real number with 1 < p < oo. Then there is a small
d = §(A,p,n, R) > 0 such that for all A with uniformly elliptic A (see Definition
21) and (8, R)-vanishing; for all Q with Q (8, R)-Lipschitz; and for all £ with f €
LP(Q;R™), the Dirichlet problem (L) has a unique weak solution with the estimate

/|Vu|pda:§0/ |£|7dz,
Q Q

where the constant C is independent of u and f.

Remark 1.6. We only consider the existence of our weak solution when p > 2.
Uniqueness follows easily from the case p = 2. Then a duality argument ends the
proof when 1 < p < 2. We henceforth suppose that p > 2.

Our approach is very much influenced by [10,[33]. In [10], the Calderén-Zygmund
decomposition was used. In this paper the Vitali covering lemma will be used, as it
was in [8,[33]. Our basic tools in this approach are the Vitali covering lemma, the
Hardy-Littlewood maximal function and the compactness method. In a forthcoming
paper (see [7]), we extend the present results to parabolic equations.

The remaining sections are organized in the following way. In section 2, we give
auxiliary notation, necessary function spaces, some definitions and some geometric
analysis results. In section 3, we discuss the interior regularity for the gradient of
the solutions. A global regularity is derived for the Dirichlet problem of (Il in
section 4. Our optimal regularity condition on the domain is discussed in the last
section 5.

2. SOME PRELIMINARY FACTS FROM REAL ANALYSIS

2.1. Geometric notation.

(1) R™ = n-dimensional real Euclidean space.
(2) e; =(0,...,1,...,0) is the i-th standard coordinate vector.
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(3) A typical point in R™ is & = (2, zp,).

(4) R? = {z € R" : z,, > 0}.

(5) B, = {y € R" : |y| < r} is an open ball on R™ with center 0 and radius
r >0, B.(x) = By+x, B = B.,NR", B} (z) = B +x, T, = B,N{z, = 0},
and T,.(z) =T, + .

(6) Q. =QN By, QA (z) =QN B, (z).

(7) OB;! is the boundary of B, and 9.B," = 0B, N {z, > 0} is the curved
part of B;".

2.2. Matrix of coefficients.

Definition 2.1. We say that A is uniformly elliptic if there exists a positive con-
stant A such that

ATHER < A(z)E - € < AJ€)?, ae. z € R™, VE €R™.

1) We write A = {a;;} to mean an n x n matrix with (4, j)-th entry a,;.

(1)
(2) Al = /(A: A) = /377 - af; and [ Al = sup, [A(y)].
(3) A is supposed to be uniformly elliptic.

(4) A is supposed to be A : (4, R)-vanishing (see Definition [[]).

Remark 2.2. In this work, A is not assumed to be symmetric.

2.3. Notation for functions.
(1) fu:Q — R, we write u(z) (xr € Q). If f : Q@ — R", we write f(z) =
(f1(@), ... f(2)) (2 € Q).

(2)
— 1
Fo = [ fla)da
5 B Sy, T
is the average of f over B,.

2.4. Notation for derivatives.

(1) Vu = (ugy, ..., Uy, ) is the gradient of .
(2) divf =" 1(fi)mi = ("), is the divergence of £ = (f1, f2,---, f").

2.5. Notation for estimates. We employ the letter C' to denote a universal con-
stant depending usually on the dimension, ellipticity, and the geometric quantities
of 09.

2.6. Function spaces.
(1) C§°(Q) ={u € C*>*(Q) : u has compact support in Q}.
(2) L ( ) =A{u:Jull o) = ([, [ulPdz) Y o oo} for 1 < p < 0.
(3) L) = {u: [[ul[L=(q) = esssupg |u| < oo}
(4) Let u and v be two locally integral functions. Then we say that v is the
i-th weak derivative of u if for any ¢ € C§°(Q),

/ Op dr = / vpdr.
Q 8371 Q

We denote by 597“ the i-th weak derivative of u. Then we say that u is in
the space W1P(Q) if u has weak derivatives 597“ € LP(Q) and u € LP(Q).




ELLIPTIC EQUATIONS WITH BMO COEFFICIENTS 1029

WLP(Q) is a Banach space under the norm

1/p
Ju
3

In the case p = 2, H' = W2 is a Hilbert space. We say u € Wol’p(Q) if
Eu € WHP(R™), where Fu is the zero extension of u to R".
We end this subsection by introducing the following standard arguments of mea-
sure theory.

Lemma 2.3 ([9]). Suppose that f is a nonnegative and measurable function in a
bounded domain Q. Let 8 > 0 and m > 1 be constants. Then for 0 < p < oo,

(2.1) feLP(Q) if and only if S = ka”|{m €Q: flz) > 0mF} < oo
E>1
and )
&5 = Ills) = €I+ 5),
where C > 0 is a constant depending only on 0, m, and p.

2.7. Preliminary tools. One of our main tools is the following Vitali covering
lemma.

Lemma 2.4 ([32]). Let E be a measurable set. Suppose that a class of balls Bq
covers E:
Ec|JB..
«

Suppose the radius of B, is bounded from above. Then there exist a disjoint
{Ba,}2, C {Bata such that

E c | J5Ba.,
i
where 5By, is the ball with 5 times the radius of Ba,. Consequently, we have

|E| <5" ) |Ba,
%

We use the Hardy-Littlewood maximal function which controls the local behavior
of a function.

Definition 2.5. Let f be a locally integrable function. Then
1
(Mp@) =sup o [ 1wl
r>0 |Br(®)] /B, (2)

is called the Hardy-Littlewood maximal function of f. We also use

Maf = M(xaf),

if f is not defined outside Q. We will drop the index Q if Q is understood clearly
in the context.

We know that the value of an L! function at a particular point does not make
good sense in a qualitative way, even when the point is a Lebesque point. However,
the Hardy-Littlewood maximal function at a point does, since it is invariant with
respect to scaling. The basic theorem for the Hardy-Littlewood maximal function
is the following.
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Theorem 2.6 ([32]). (1) f € LP(R™) with p > 1, then Mf € LP(R™). Moreover,

(2:2) Ml < ClLf oo
(2) If f € LY(R™), then
C
(2.3) o €R": (M) > 8 < T [ Iflda.

Inequality ([2:2) is called a strong p-p estimate and is called a weak 1-1
estimate.

We will use the following version of the Vitali covering lemma for discussions of
interior WP regularity.

Theorem 2.7 ([33]). Assume that C and D are measurable sets, C C D C By,
and that there exists an € > 0 such that
(2.4) |C| < €|Bi]
and
(2.5) Vx € By, Vr € (0,1] with |C N B.(x)| > €|By(x)|, Br(x) By CD.
Then

C] < 107¢| D).

For our global estimate, we introduce another version of the Vitali covering
lemma.

Theorem 2.8. Assume that C and D are measurable sets with C C D C B, and
that there exists an € > 0 such that

(2.6) C| < el BY|
and
(2.7) for every x € B with |C N B,(z)| > ¢|B,|, B.(z)N B C D.
Then
|C| < 2(10)"¢|D|.
Proof. In view of (2.6)), for almost every x € B, there exists a small r, > 0 such
that
(2.8) |C N B, (z)] =¢|B,,| and |C N B.(z)| < ¢|B,(x)| ,¥r € (ry, 1].
Since {B,, () NC : x € C} is a covering of C' with r, < 1, by the Vitali covering

lemma, there exists a disjoint subcovering {B,, (z;) N C': z; € C'}$2, such that

(2.9) C c|JBsr,(z:) and |C| < 5™ > |B,,

Then, by (2.3)), we see that

(2.10) |C N Bsy, (z:)| < €|Bsy,| = 5"€¢|By;| = 5"C N By, (x;)].
Now we will claim that
(2.11) |B,..| < 2" B,,(x;) N Bf|.

We observe that for any fixed r > 0, inf{|B,(z) N Bf| : * € B} = |B,(e1) N Bf|.
Now since
By(e1) N B 5 BL((1—1/2)e),
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we see that

|Br(x) N Bf| > |By(e) N BY | > |Bf| = 27"V |B,(a)].

This estimate implies (2I1). Finally, by 2I0), (ZII) and 7)), we get

ICl = U(Bsn- (zi) N C)|
< Z |Bsy., (z;) N C|
< EZ | Bsr, ()]
= 5”62 |By, ()|
< 2(10)" ) |(By,(zi) N BY)|
= 2(10)"¢|( J(By, (:) N BY)
< 20yD|

which finishes the proof. O

3. INTERIOR ESTIMATES

In this section we investigate the interior WP (2 < p < 00) estimates for the
divergence form elliptic equation

(3.1) —div(A(z)Vu) = divf

in a bounded open set @ C R™. Our main assumption is that the matrix A of
the coefficients is (J, R)-vanishing. The main tool in this section is a version of
the Vitali covering lemma (see Theorem 7). Let us state the main result of this
section.

Theorem 3.1. Let p be a real number with 2 < p < co. There is a small § =
§(A,p,n,R) > 0 so that for all A with A uniformly elliptic and (9, R)-vanishing,
and for all £ with £ € LP(Bg;R™), if u is a weak solution of the elliptic PDE (B1])
in Bg, then u belongs to WP(By) with the estimate

IVullLr(sy) < C ([[ullrse) + IIfllLr(B6)) »
where the constant C is independent of u and f.
Remark 3.2. We can change the ball Bg in Theorem Bl to any ball Br with R > 1.
Let us start with the following definition.
Definition 3.3. We say that u € H'(Bg) (R > 0) is a weak solution of ([B.1) if

/ AVuVpdr = —/ fVpdz for any ¢ € H} (Bgr).
Br Br
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We need the following standard energy estimate.

Lemma 3.4. Assume that u is a weak solution of (31]) in By. Then
Avapdas < ¢ ([ @i aor [ [VoPlupar), vo e oee)
Bs Bs Bs

Remark 3.5. We remark that Lemma [34] is used not just for the proof of interior
W1 regularity of our approximation solution v with constant coefficients, but
also for the proof of Corollary B

Lemma 3.6. For any € > 0, there is a small 6 = d(€) > 0 such that for any weak
solution u of (3-1) in By with

1
|Bal /B,
there exists a weak solution v of

—div(Ap,Vv) =0 in By

(3.2) |Vu|?dr <1, (If]* + |A — Ap, ) dz < 62,

|Bs| /B,

such that
(3.3) / lu — v|?dr < €%
By

Proof. We prove this lemma by contradiction. If not, there exist g > 0, {Ax}72,
{ur}2,, and {f;}32, such that u is a weak solution of

(3.4) —div(AxVuy) = divfy
in By with
1 S 1

3.5 — Vug|?de <1, — .2 + |Ar — App, |?) do < —.
( ) |B4| B4| k| |B4| B (| k| | k kB4| ) k2
But,
(3.6) / lug — vg|2dx > €2

By

for any weak solution vy of
(3.7) —div(Ag g, Vi) = 0 in By.

By B3), {ux — Urp, }32, is bounded in H'(By), and so {u, — Uxp, } has a subse-
quence, which we denote as {uy — U}, such that

(38) Up — Up — Ug in HI(B4), U — Uk — U 1N L2(B4)

for some ug € H'(By4). Since {A_k34} is bounded in L, it has a subsequence,
which we denote as {A_k};ozl, such that

(3.9) | Ax — Aglloc — 0 in R as k — oo
for some constant matrix Ag. But then, by (3H), we have
(3.10) Ay, — Ag in L*(By).

First we will show that ug itself is a weak solution of

(3.11) —diU(onUQ) =0in B4.
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To do this, fix ¢ € H}(B4). Then, by ([34]), we have

(3.12) /AkVungadxz/ f.Vdz.
By

By
Since Vuy, — Vug and Ay — Ag in L?(By), AxVur — AoVug in L?(By). Then
letting k — oo in (B.12), we have

/ AogVuogVpdr =0,
By

and this is (3I)). Note that
—div(AxVug) = —div ((A_k — AQ)VUO) — div(ApVug) = —div ((A_k — AO)VUO)

in By. Let hi be the weak solution of

(313) —dl’l)(A_thk) = —div ((A_k - Ao)VUo) in B4,
hy = 0 on 0Bj.

Then ug — hy is a weak solution of

(3.14) —div (AxV (uo — hy)) =0 in By.

Furthermore, by (B13)

lhellz2Byy < ClIVhlz2syy < Cl(Ar — Ao)Vuol £2(By)
< Ol Ak = Aol Vuoll L2 (4)
< Ol Ak = Aol oo,

and so we have
[lur — wollz2(Ba) + 7kl L2540
lur = woll 2,y + Cll Ak — Aolloc.
This estimate, [B-8) and (3:9) imply that
lur — (wo — hi)|lL2(By) — 0 as k — oo.
But this is a contradiction to (86) by (BI4). O

lux — (uo — ha)llL2(B.)

VARV

Corollary 3.7. For any € > 0, there is a small 6 = 0(€) > 0 such that for any
weak solution u of BI) in By with

1
[Bdl /B,
there exists a weak solution v of
—div(Ap,Vv) =0

1 _
(3.15) Vuldz < 1, —/ (8P +]A - A, ?) de < &,
|Ba| /B,

in By such that
/ |V (u —v)2dx < €.
B2

Proof. In view of Lemma 3.6 and ([B3.I8), for any n > 0, there are a small § = 6(n) >
0 and a corresponding weak solution v of

—div (ZB4VU) =01in By
such that

(3.16) / lu —v|?dx < n?
By
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provided that
1

|Bs| /B,

First we see that u — v is a weak solution of
(3.17) —div(AV (u —v)) = div(f + (A — Ap,)Vv) in By.
In view of BI1) and Lemmal[34] we get the following estimate:

/ V(u—v)Pde < C(/ |f+(A—ZB4)Vv|2dx+/ |u_v|2dx)
B Bs By
< C(/ |f|2dx+/ |(A—ZB4)VU|2dx+/ |U—v|2dx)
Bs Bs Bs
< C(/ |f|2dx—|—/ IA—ZB4|2da:+/ |u—v|2da:>
Bs Bs Bs
= C(/ (|f|2+|A—ZB4|2)dx+/ |u—v|2dx),
By Ba

Here we used the interior W1 regularity of v € H!(B,). This estimate and (B.16)

imply finally
/ |V (u —v)|*dx C (/ (If]* + |A — Ap,|*) dz + / lu — v|2dx)

Bs By By
C (|1B4)0* +n?)

= 62’

(If]* +|A—4p,|*) dz < 5°.

IN

N

by taking n and ¢ satisfying the last identity above. This completes our proof. [

We use a local estimate of solutions of —div(AVu) = divf by comparing with a
weak solution of the approximation equation —div(AVv) = 0, where A is a local
average of A.

Lemma 3.8. There is a constant N1 so that for any € > 0 there exists a small
d =4(e) >0, and if u is a weak solution of

—div(AVu) = divf
in € D Bg with
(3.18) Bin{zeQ: M(|Vu))?(z) <1} n{z e Q: M(|f)*)(z) <6} #0
and A (6,6)-vanishing, then
(3.19) Hx € Q: M(|Vu|)?(z) > N2} N By| < €| By).
Proof. By (3IS), there exists a point zg € By such that

1 1
/ |Vul?de <1, — |f|2dz < 62, Vr > 0.
|Br| J B, (zo)n02 |Br| J B, (zo)ne

Since B4(0) C Bs(xo), by (320) we have

1 |B5| 1 2 5\" 2
(3.21) — [ |f]Pde < - —— If|2de < (=) 6%
|Ba| /B, |Ba| IBs| J s (x0) A

(3.20)
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Similarly, we find that
(3.22) L |Vu|?dz < <5>n
. — ulfde < (=] .
|Bal JB, 4

In view of (3:22) and ([3.2])), and from the assumption that A is (J, 6)-vanishing, we
can apply Corollary [37with u replaced by (%)n u and f replaced by (%)n f, to find
that for any n > 0, there exists a small §(n) and a corresponding weak solution v
of
—div (Ap,Vv) =0
in By such that
(3.23) / IV (u —v)2de < n?
B>
provided that
1 _

— fI* +|A—Ap,|*) dz < &%

g, (P 1A= T
Now we can use the interior W1 regularity of v to see that there is a constant
Ny such that
(3.24) IVOl|7o0(B5) < NG -
We claim that
(3.25) {z: M(|Vu)> > N3} N By C {z: Mp,([V(u—v)|)* > N2} N By,
where N7 = sup {2”, 4N§}. To see this, suppose that
(3.26) z1 € {x: Mp,(|[V(u—0))> < N3} N By.
For r <2, B.(z1) C Bs, and by ([B8:26) and [324), we have

1 2
— |Vu|de < —— (|V(u —v)|* + |Vv|?)dz < 4N§.
|Br| JB, (1) |Br| JB, (21)
For r > 2, 2y € By(x1) C Bar(20), and by (B20)), we have
1 / ) 2
[Vul*dz <

|Br| JB,(21)n0 |B2r| JBs, (z0)n02
Then (327) and (B28) imply
(3.29) zy € {x: M(|Vu|)> < N2} N By.

Thus assertion ([B.25) follows from (3:26) and (B:29). By (3:25), weak 1-1 estimates
(see Theorem 2:6), and (B:23), we obtain

{o: M(IVu))*(2) > NP} Bl < [{o: Mp,(IV(u—v)])*(2) > NG} N By

(3.27)

n

(3.28) |Vul2de < 2.

< = |V (uw—v)|“dz
NG Jb,
¢ 5

<

< Ngn

= €|Bl|7

by taking n and ¢ satisfying the last identity above. This finishes our proof. O

From Lemma B8 and the scaling argument, we get the following lemma, which
will be used later for our proofs.
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Lemma 3.9. Let B be a ball in R™. Assume that u is a weak solution of (31) in
a domain Q D 6B. If |{x € Q: M(|Vu|?)(x) > N} N B| > €|B|, then

BC{zxeQ: M(|Vu|)*(z) > 1} U {z € Q: M(If]*)(z) > §*}.
Now take N1, €, and the corresponding § > 0 given by Lemma [3.9]
Corollary 3.10. Suppose that u is a weak solution of BJ) in a domain Q D Bg.

Assume that
Hz € Q: M(|Vul?)(z) > N2}| < €|By].
Let k be a positive integer and set e = 10"e. Then we have
E
[{z € By M(Vul)(@) > NP} < Y efl{ € B M) > °N7 )
i=1
+e{z € By : M(|Vul?) > 1}].
Proof. We will prove this corollary by induction on k. The case kK = 1 comes from
Lemma[3:9] and Theorem 27 on
C:={z € By : M(|Vul?)(z) > N7},
D :={x € By : M(f|*)(z) > 6*} U {x € By : M(|Vu|?)(z) > 1}.
Assume now that the conclusion is valid for some positive integer k. Let us define
u; = u/N;y and f; = f/Ny. Then u; is a weak solution of
—div(AVuy) = divfy
in Q D Bg, and the following property holds:
Hx € Q: M(|Vui|*)(z) > N2} < €| By
Then by the induction assumption, we have
{z € By : M([Vul*)(z) > N{*HY
= |{z € Bi: M(|[Vui[*)(2) > NP*}|

k
< Y dl{z € Br: M(f[)(@) > 8* N
=1
+€]f|{x € B : M(|VU1|2)(;E) > 1}|
k1 |
= > ell{z e B M(fP)(z) > 2N ETIY
=1
+e e € By s M(IVul?)(2) > 1)1,
Thus, the conclusion is valid for k + 1, which completes the proof. O

We now prove Theorem Bl Corollary 310 is the primary technical tool.

Proof. Without loss of generality, we assume that

(3.30) €]l o (B,) is small enough
and
(3.31) {x € B : M(|Vul|?)(x) > NE} N By| < ¢|By|

by multiplying the PDE (B.I)) by a small constant depending on ||f||z2(p,) and
V|| 12(5s)- Since f € LP(Bg), we have M(|f|?) € LP/?(Bg) by strong p-p estimates
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(see Theorem 2.6). In view of Lemma 23] there is a constant C, depending only
on d, p and Ny, such that

(o]
k 2
SN € By M(EP) (@) > BN < CLMAEP)IZ 2,
k=0
Then this estimate, strong p-p estimates, and (8:30) imply
oo
(3.32) S ONPF{z e @ M) () > NN B} < 1.

k=0

Given p > 2, we will claim that M(|Vu|?) € LP/? by using Lemma B3] when
f = M(]Vul?) and m = NZ. Let us compute

o0

SN {2 € By : M(IVul)(x) > N7*}|
k=0
< S (Z & [{z e B MUEP)@) > 23700
= \H
+éb |{z € By : M([VuP)(z) > 1}|>
Y (V) (iw—w (e M<|f|2><x>>62Nf““‘“}\>
i=1 k=1
+f: N?er)* |{z € By : M(IVul?)(x) > 1}]
< Cz (NPey)*
< +oo7

where we have used Corollary[3.10] (3:32)) and took €1 so that N¥e; < 1. Then, this
estimate and Lemma imply M(|Vu|?) € LP/?(Bg). Therefore, Vu € LP(Bg).
Il

Remark 3.11. In the proof above we can take Ne; < 1, since N; is a universal
constant depending on the dimension and ellipticity. So we can choose €, and the
corresponding €;. This is the same case in the proof of Theorem ET0.

Remark 3.12. Now that we have the interior LP estimate for the gradient of u
in a ball By, we can get the interior estimate by standard scaling and covering
arguments.

4. ELLIPTIC EQUATIONS IN LIPSCHITZ DOMAINS

In this section we make some observations on the minimal regularity requirements
on the coefficients and the domain of ([IZT)), and prove a global WP (1 < p < c0)
estimate under the assumptions that the matrix of coefficients is (d, R)-vanishing
and the domain is (§, R)-Lipschitz. Let us start with the following definition.
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Definition 4.1. We say that u € Hg () is a weak solution of (LLT]) if

(4.1) / AVuVpdr = —/ fVodr, Yo € Hy(Q).
Q Q
We localize our interest on a weak solution of
_ . o . . Jr
(4.2) div(AVu) = divf in Bj,
u = 0 on Tg.
We study local estimates of solutions to (B:2) by comparison with solutions of
_ . Y —_ . +
(4.3) div (AB; Vv) 0 in Bj,
v = 0 on Tg,

with the following definition.
Definition 4.2. (1) We say that u € H'(B}) is a weak solution of (IZ) in
Bf if

/B+ AVuVpdr = — /B+ fVodx, Yo € H&(B;g),

R

and its zero extension is in H'(Bg).
(2) We say that v € H'(B};) is a weak solution of (3] in B}, if

/B+ ZB;VUVgoda: =0, Yo € Hy(B}),

and its zero extension is in H'(Bg).
We need the following energy estimate for the proof of Corollary
Lemma 4.3. Assume that u € H' (B is a weak solution of [2) in By". Then

| v <c </B+ Fipdot [ |V¢|2|u|2da:> Vo € C(By).

Proof. The proof comes from taking ¢?u as a competitor in Definition 3. O

The following lemma is a so-called compact argument. It is also called the
indirect method or blow-up method.

Lemma 4.4. For any ¢ > 0, there exists a small 6 = 6(¢) > 0 such that for any
weak solution u of (@2 in B} with

1 1 —
14) = 2o <1, = | (6P A=Ay ) do < 6
a0 g Ve st g (6 ATy ) de < 07
there eists a weak solution v of (D) in B such that
(4.5) / lu — v|?dr < €2
B

Proof. We prove it by contradiction. If not, there exist ey > 0, {Ar}32,, {ur}iy,
and {f}°, such that uy is a weak solution of
(4.6) —div(AxVu,) = divfy in BZ,

’ u = 0 on Ty,
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with

1 1 _ 1
4.7 — 2dr <1, — .12+ A,— A Ndr < —.
o |B4|/B:|Wk| e |B4|/BZ' (l e+ 14 kBI|) e

But,

(4.8) / lup —v|?dx > €3
BT

4

for any weak solution v of ([@3) in B .

By ([&7) and from the fact that uy = 0 on Ty, {ux}32, is bounded in H*(BY).
Consequently, there exists a subsequence, which we still denote as {uy}, and ug in
HY(B]) with ug = 0 on T} such that

(4.9) up — ug in HY(Bf) and ug — g in L*(Bf).

_ e’}

Since {Ak BI}k is bounded in L, it has a subsequence, which we denote as
- =1

{A}, such that

(4.10) | Ak — Aglloc — 0 as k — oo
for some constant matrix Ag. But then, by (@I0) and (1), we have
(4.11) Ay, — Ag in L*(B}).

Next we will show that ug is a weak solution of

(4.12) {—div(AOVuo) = 0 in B,

ug = 0 on Ty
To do this, fix any ¢ € H(B]). Then, by (E6), we have
(4.13) / AVurVpdr = —/ £, Vdz.
Bf B
Since Vuy — Vug in L2(BJ) and Ay — Ag in L?(BJ), we have
(4.14) ApVauy — AgVug in L*(B)) as k — oo.
Let k — oo in (£I3) and note (E14)). We find that
(4.15) AgVugVpdz = 0.
B

The claim (#I2) comes from [IH) and the fact that up = 0 on T4.

Finally, we get a contradiction to (L)) by taking v = ug and k large enough. O
Corollary 4.5. For any € > 0, there exists a small 6 = §(e) > 0 such that for any
weak solution u of [E2)) in By with

1

(4.16 —
b B

1 —
|Vu|?de <1, —/ (|f|2 +]A - AB+|2> dx < 62,
|Bal| J} *
there exists a weak solution v of ([E3) in Bf such that

(4.17) / IV (u—v)Pdz < €.
Bf
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Proof. In view of ({I6) and Lemma FA] for any n > 0, there exist a small § = §(e)
and a corresponding weak solution v of (3) in B; such that

(4.18) / lu — v|*dx < n?
Bf
provided that

1 _
B /B+ (|f|2 rA- ABIF) dr < 82,

First, we observe that v — v is a weak solution of
(4.19) ~div(AV(u —v)) = div(f + (A — Ap:+)Vv)

in B with u —v = 0 on Ty. According to Lemma E3] we get

/ |V (u —v)2dx C’(/ |f—|—(A—ZB+)VU|2da:+/ lu — v? da:)
+ B; 4 BT

B3 3

2 T2 2
C(/BI(|f|+|A ABI|)da:+/BI|u v|da:>.

Here we used the interior W regularity of v. This estimate and ([&I8) imply

finally
C </ <|f|2+|A—ZB+|2) dx—f—/ |u—v|2dx>
B} * Bf

/ |V (u— v)|2dx
Bf
C (|B4|(52 + 772)

€,

IN

IN

IN

IAN A

by taking n and § satisfying the last inequality above. This completes our proof. [J

Lemma 4.6. There is a constant N1 > 0 so that for any € > 0, there exists a small
§ = 8(€) > 0 with A uniformly elliptic and (8,6)-vanishing. If u € H}(Q) is a weak
solution of (1) in Q D B with 0Q D Ty and

(4.20) Bf n{z € Q: M(|Vul?)(z) <1} n{x € Q: M(If]*)(z) < 6} £ 0,
then

(4.21) Hx € Q: M(|Vul?)(z) > N2} N Bf| < ¢|Bf|.
Proof. By (&20), there exists a point xg € B such that for all r > 0,
1 1
(4.22) |Vul*de <1, —— If|2dz < 2.
|Br| J B (z0)n02 |Br| J B (20)n02

Since By (0) C Bi (w0) and by ([#22)), we have

1 Bs| 1 5\"
(4.23) — |f|2da < 1Bs| L |f|2dx < (—> 52,
| Bal B (0) | Ba| | Bs| B (o) 4
Similarly, we see that
(4.24) = |Vul*dz < (5)n
. — ul“de < | = .
|Ba| JBF (0 4

In view of (23), [@24)), and from the assumption that A is (d, 6)-vanishing, we
can employ Corollary if we replace u and f by (%)n u and (%)n f, respectively,
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to find that for any n > 0, there exist a small 6 = §(¢) and a weak solution v of
(E3) such that

(4.25) / IV (u—v)2dz < n?
Bf

provided that

1 _
— f> +|A — Ags |?) do < 52
|Ba| JBf 4

Now we can use the local W1 estimates for v to see that there is a constant Ng
such that

(4.26) [V < Ng.

Lo (B3
Now we set N7 := max {4N§, 2”}, and we claim that
(4.27)  {rx e Bf : M(|Vu*) > N{} c {z € Bf : Mp+(IV(u - v)|?) > N3}
To see this, suppose that
(4.28) r1 € {z € Bf: Mp+(IV(u - v)]?)(x) < N2}
For r < 2, Bf (z1) C Bf, and by [@28) and (f286), we have
1 2

@ B (z1)NQ | Br| Bt (z1)NQ

For r > 2, zg € B} (x1) C B3, (x0), and by 22), we get

1 1
Bl |Vul?dz < 5
vl J B (z1)nQ | By B3 (20)NQ
27’L
= — |Vul2de < 2.
|B2r| JBf (20)n02

|Vu|?dz < (IV(u —v)* 4+ |Vo|?)dz < 4NZ.

|Vul|*dx

This says that
(4.29) r1 € {x € B : M(|Vul?)(z) < N?};
whence assertion (4271) follows from ({28) and (@29). Now by (£ZT), weak 1-1

estimates and (E2H), we have

{z € Q: M(|Vul?)(z) > N2} N B |
< HoeQ: Mp(IV(u—v)P*)(2) > N§} N B |

C/ 9

< — V(u —v)|“dx

e MLUR]
C

< 2

< Ngn

= elerL

by taking n and ¢ satisfying the last identity above, which completes our proof. [J

We can now deduce the following corollary immediately from the previous lemma
and a scaling argument.
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Corollary 4.7. There is a constant N1 > 0 so that for any e, r > 0, there exists
a small § = §(e) > 0 with A uniformly elliptic and (6, 6r)-vanishing. If u € H}(Q)
is a weak solution of (L)) in Q D B, with 9Q D Tg, and
Bf n{z e Q: M(|Vul?)(z) <1} n{x € Q: M(f]*)(z) < 6} £ 0,
then
Hz € Q: M(|Vul*)(z) > N2} N Bf| < ¢|Bf|.

For the following lemma only, we denote by B, (p > 0) a ball centered at a point

of Q or 9 with radius p. We also denote by B/} the intersection B, and {z,, > 0}.

Lemma 4.8. There is a constant N1 > 0 so that for any 1 > €, r > 0, there exists
a small § = §(€) > 0 with A uniformly elliptic and (6,96)-vanishing. If u € H}(Q)
is a weak solution of (L)) in Q D Bdy with 9Q D Toe, and if
(4.30) {x € B : M(|Vul*)(x) > N7} N B,| > ¢|B,|,
then
(4.31) B,NQ cC{x e B : M(|Vul]?) > 1} U {z € Bf : M(|f]?) > §*}.
Proof. We argue by contradiction. If B, satisfies (£30) and the conclusion ({.31])
is false, then there exists zg € B, N Q such that
1 1
— |Vu|?dr <1, —/ If|2dx < 62, Vp > 0.
1Byl J B, (20)n2 1Byl /B, (z0)n02

If Bg, N {x, = 0} = 0, this is an interior estimate (see Lemma [3T). So suppose
that (2/,0) € Bs, N {x, = 0}. Now observe that By, C By (z¢) C Bj,.(2',0), to
see that

Q D By; D By, (2/,0) D By,.(«/,0) D B, N B

Now we apply Corollary 7 to the ball Bf, (z',0) with € replaced by &, to obtain
{z € B : M(Vu®)(2) > N2} By
< Wz e Bf : M(|Vul?)(x) > Ni} N By, («,0)]

€
< W|Bf%r|
= €|B:—|7

which is a contradiction to (@30). O

Now take N7, € and the corresponding § given by Lemma 8]

Corollary 4.9. Suppose that u € H}(Y) is a weak solution of (LI) in Q O Bgg
with 092 D Toe, with A uniformly elliptic and (6, 96)-vanishing. Assume that

(4.32) Hx € Q: M(|Vu|*) > N2}y n B | < ¢ Bf|.
Let k be a positive integer and €3 = 2(10)"™e. Then, we have
k
{w € BY : M(Vul’) > NP} < Y ez € BY - M(IF?) > 2N
i=1

+ei{x € B : M(|Vul?)(z) > 1}].
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Proof. We argue by induction on k, the case k = 1 being from Lemma and
Theorem on

C:={r e B : M(|Vul?) > N},
D :={z € B : M(|f]*) > 6’} u{z € B : M(|Vu|?)(z) > 1}.

Assume now that the conclusion is valid for some positive integer k& > 2. Let us
define u; = Nil and f; = Nil Then, u; is a weak solution of

{ —div(AVu;) = divf; in  Q,
up = 0 on 01,
and satisfies
Hx € Q: M(|Vui|*)(z) > N2}y N By | < €| By .
Then, by the induction hypothesis and an easy computation, we have
[{x € Bf : M([Vul)(@) > N7V}
= o€ Bf : M(|V1uf’)(z) > N{*}|

k
< Y ez e B M(IEP) (@) > Ny
i=1
+efl{e € B : M(IVur*) () > 1}
k+1

= Y dl{z e Bl : M(f")(@) > N7y
i=1

+ |z e B - M(|Vul*)(z) > 1}].

This estimate in turn completes the induction on k. ([

Using this iterative lemma, we can give a simple and elementary proof for the
global WP regularity of the solution of a divergence form elliptic equation with
Dirichlet boundary condition.

Theorem 4.10. Let p be a real number with 2 < p < oo. There is a small
d = d(p,n,A) > 0 so that, for all uniformly elliptic and (0,96)-vanishing A, and
for all £ € LP(Q;R™), if u € H}(Q) is a weak solution of the elliptic PDE (L) in
Q D By with 0 D Ty, then u belongs to WP (B") with the estimate

/+ |VulPdx < C/+(|u|p + |£]P)dx,
B B

1

where the constant C' is independent of u and f.
Proof. As in the proof of Theorem BI] we assume that
H{x € Q: M(|Vul|?)(z) > N2} N B | < ¢|Bf|

and
(4.33) S NPz € @ M(f)(2) > NP} n B[ < 1.
k=0
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Then, in view of Corollary [£.9] from analytic computations and (Z33)), there exists
a constant C' depending on §, Ny, and p such that

ZN{’ka € Q: M(|Vul?)(z) > N*}1n Bff| < CZ(N{’Q)’“ < 400
k=0 k=0

for € selected so small that Ne; < 1. Then Lemma 23 leads to
Vu € LP(B),
which finishes our proof. O

Remark 4.11. We can change the number 6 in Theorem EET0]to any number greater
than 1 by a scaling argument, so the number 96 also can be changed to any number
greater than 1.

5. GLOBAL WP REGULARITY IN LIPSCHITZ DOMAINS
WITH SMALL LIPSCHITZ CONSTANTS

5.1. Flattening argument. Our next goal is to show why we need the assumption
that the boundary of the domain €2 is a local graph and has a small Lipschitz
constant. We choose any point xg € 9€2. For our purpose assume that

QN B, (zg) = {z € Br(x0) : p > y(2')}
for some r > 0 and some v : R"™1 — R with Lip(y) small. Now define
yi = m; =0 (z) (1<i<n-1),

Un = an —7(@') =2"(2),
and write
y = o(z).
Set ® := U1 50 that ® o ¥ = ¥ o & = Identity and
z=V(y).

Choose s > 0 so small that B lies in ®(Q N B, (z0)), and define v(y) = u(¥(y))
for all y € BY. If u is a weak solution of the PDE

—div(AVu) = divf in Q,
then v is a weak solution of
—div(A;Vv) = divfy in BY,
where f1(y) = f(¥(y)) and
(5.1) Ai(y) = [VO(T(W))|" - A(T(y)) - [VE(¥(y))]-

A simple computation gives us

1 0 .. 0
TP — 0 1 ... 0
Yo, —Yzy - 1

Let us compute [A1]pamo, assuming that [A]pyo is small enough. After an easy
computation, we have

(5.2) [V® - Voo = n + || V7%
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Then in view of (&.1l) and (B.2), we see that
[A1]lBmo < C([AlBmo + Lip()),

and so [A1]ppo is small provided that [A]pyo + Lip(y) is small, which is our
optimal regularity requirement in this paper.

5.2. Proof of Theorem [I.5. We are finally set to give our proof of Theorem [[C5]

Proof. Now that we have the boundary LP (2 < p < c0) estimates for the gradient
of win By in Theorem[ZI0, we can get the proof by standard scaling, covering and
flattening arguments along with the interior estimate and a duality argument. [
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